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Read Feb. 26,r-|-njj[£ theory of moving bodies was little 

-** underftood by the philofophers who 
lived in the lixteenth century. They obferved, that a 
body, once put into motion, continued to move for fome 
time after the force was imprefled; but they argued very 
ftrangely from this ordinary phasnomenon* Far from 
confidering the air as a refifting medium ; they fuppofed 
with ARISTOTLE and the ancients, that it was the perpe- 
tual influx of the parts of the atmofphere which con- 
tinued to urge the body forward and prefer ve its motion. 
When a body is projected in any diredlion inclined to the 
horizon, the gravity of its parts is always obferved to 
bend the dire6tion of its motion into a curve line; and 
becaufe this gravity remains invariably the fame, what- 
ever the force of proje6tion be, in very fwift motions, the 
figure defcribed may approach very nearly to a right line. 

This 
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This laft circumftance induced fome of the philofophers 
we are fpeaking of to believe, that a cannon ball, for in- 
ftance, always moves in the fame ftrait line till its velo- 
city is entirely dellroyed ; and that afterwards it defcends 
towards the earth in a direcStion perpendicular to the ho- 
rizon. Others thought they mended the matter by fuf- 
pending the action of gravity for a certain period only ; 
by allowing the latter part of the path to be curvilinear; 
and laftly, the body to defcend to the earth in a ftraight 
line, as in the former cafe. We, in thefe days, who have 
feen the gradual improvements in mechanics from time 
to time, are not furprized, that men, in the infancy of 
that fcience, fliould have embraced abfurd and ridiculous 
principles: we rather wonder, how the author ^"^ of the 
notion juft mentioned was able to form any juft eftimate 
of the horizontal ranges of proje£tiles, and to difcover 
their maxima. Whether by conjeaure, or probability 
of indu6tion, we are unable to determine; but fo it was, 
TART ALE A affirmed, what has fince been found true upon 
unexceptionable evidence, that the amplitudes of pro- 
jeililes upon the horizon are always greateft when the 
angles of projection are equal to 45^. But the praife of 
this difcovery, as well as whatever elfe relates to the ac- 
celerated motions of bodies near the furface of the earth, 

(a) NICH. TARTALEA. 

is 
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^liK6 the tiiije of AB^liti^ vfhMU this luipri^ifig ge*» 

the whole dcxStrine of aGC#tei?ated mMion and of projec^^ 
tiles : in a word^ he fo mneh exhaufted the ftibjed:, that 
the belt treatifes We have^t this day ate little more than, 
a repetition of G/VLiLEO^s difeoveries; 

This philofophei*, a^ fat^s we know, never attempted 
t^ ihveftlgat^ thier law^ by which nniotion is communis 
dated from one body to another* The cdebrated DJisf 
CARTES is the firft we hear of whcj^gaeveany attention to 
the inbje(9L; and the reftilt of Ms^nquiries is what might 
jN^aibnaMy be expected from fo whimfical and romantic 
a genius; he blundered in this, as in all other cafes, 
where he was not laonfined to ptire mathematical rea-^ 
fonings. Our countryman, Dr, WALLia, made a real pro- 
giiefe in this fcience, by difcovering that fundamental law 
in: the communication of motion, viz. that aftion is equal 
to re^a<Jii0n, and always in contrary dire<9:ions : wren, 
HUYGENs, coiifirmed the fame thing; and the whole 
theory of the coUifibn of bodies, and their mutual actions 
upon one another, feemed to be advancing faft towards 
perfeaioh. 

But 
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Bdt a new opinion was now ftartedby M. lIIBnitsr 
coBceraiiag the forces of bodies in iB0tion> The force of 
a body m motkm and its momentum had hittetto been 
confidered as fynonymoiistermsyand h^d alike been mea* 
Cured by the quantity of matter and velocity conjdntly. 
On the contrary, LEiBNit^; and Ms followers affirmed^ 
that the force was proportional to the qtaantity of matter' 
in the moving body and the fquare of its velocftyv It is 
needlefs to relate all that paffed on both fides s ^ ma- 
terial an oppolition in fentiMent ileCeffarily produced 
Very warm contention 5 and^ as it generally happens in 
other difputes, we do nc^ hear of any conviiiio*! being 
prodnced on either fid^. 

After fvirveying the arguments of the difputants, it is 
ttot eafy to fay^ whether the agitadon of the qiieftion 
before us has contdbuted to retard or advance the pro- 
grefs of truth and fdence. On the One htod, many in* 
genious experiments have been raadc) many curious pro^ 
blems invented and refolved, which probably Would 
never once have been thought of by men who were in 
the purfiiit of truth in a more cod and deliberate wayi 
and, on the other hand, it may juftly be affirmed, that 
the violence of prejudice and party-^ffm^it has fo much 
tlouded the i^eafonings of the bfeft writers^ that we fenfi- 
bly feel their influence to this day. I need not diffemble % 
Vol. LX VIII. Yy ^^ 
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it is a ferious perftiafioii, that the laws by which motion 
is communicated are ftiil very materially miftaken by 
fenlible perfons, that induced me to throw together the 
following hints, and to lay them before the Royal So- 
ciety. The right underftanding of thefe laws is of the 
laft importance in practice: the good or bad fiiccefs of 
fome very expeniive proje<5ts has depended upon it; and 
certain excellent artifts have been difappointed in the 
execution of their plans, and unable to reconcile the ap- 
parent contradidtion between theory and experiment. 
From the length of time, which has elapfed lince leib- 
NiTZ fir ft advanced his new opinions, and the abilities pf 
the philofophers who engaged in the conteft, one might 
have expected, that the whole matter would long before 
this have been cleared up in a fatisfa6lory manner; efpe- 
cially when w^e conlider, that the communication of mo- 
tion from one body to another is what every moment 
happens before our eyes, and that particular experiments 
are made in this do6trine with the greateft fimplicity and 
convenience. This part of rational mechanics however 
is not yet generally underftood, as we may fairly pre- 
fume from the difference of opinion which ftill fubfifts 
among the learned. I freely own, it appears to me, that 
no new experiments are wanting; no tlqw geometrical 
leafonings or conftrudtions ; the improved parts of geo^- 

metry 
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metrf have been already applied to the theory of motion 
in niimberlefs cafes, and a variety of well attefted expe- 
riments have been clearly explained to iis by authors. 
The laws of motion, in certain cafes, are inconteftable, 
and no author of eminence contradicts them: it is from 
a miftak en application of thefe laws that a difference of 
opijiion has arifen. It is obvious, that the laws of motion, 
as defcribed by Sir isaac new^tont, may, in a certain 
fenfe, be founded on experiment; and yet, if they are 
extended to cafes where they cannot be applied, the con- 
clufions muft ftill be erroneous. My defign in thefe 
pages is to point out diftin<Stly what is real in this dif- 
ference of opinion from what is merely verbal, and to 
explain the caufes of it. This, which perhaps will ap- 
pear to have never been done with fufficient preciiion, 
feems to be the moft effedlual w^ay of preventing mif- 
takes. Geometry and algebra will lead us wrong, if our 
principles are ill founded: experiment itfelf, if we are 
not extremely careful, will deceive us in forming a ge- 
neral dedudtion, or what is called a law of nature. The 
controverfial writings of the moft able authors will em- 
barrafs and perplex our judgements ; but when %ve have 
once difcovered the grounds of their mutual miftakes 
and miflix^prehenfions, there is reafon to think, that we 

Y y a ihall 
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Ihall both undief ftand the fubjteit bettei? thaa we did be^ 

fore, and be mpre en omr gmard for the future^. 

The firjfl kw of motion^ as expreffed by Sir isaao 
NEWTON, is uaexcepticmable ; nobody denies that a body 
perfeveres in a ftate of reft or uniform motion in a right 
line, till affe<ft€d by fame external influencei It is the 
&ird law of motion which has produced all tiiis confn- 
jfion and perplexity* ^^ A<aioni contrariam femper et 
*^ aequalem ejHe rea(5tionem : five corporum duornm ac- 
" tiones in fe rautw> femper ^eqnales et in partes con-* 
^^ trarias dirigi," Thefe words of Sir isaac newton 
convey to n% as clear an idea as can poffibly be conceived 
with fo much concifeneft. It muft however be confeffed^ 
that his illuftration is not fo very perfpictK>us ^^L Xo ilay, 
feat when a man preffes a ilone with his fingex, his fin- 
ger is equally preffed; and when a horfe draws a ftone 
by a cord,, the horfe is drawn equally backwards towards 
the ftone; is. a moft indiftincSt and popular way of fpeak-^ 
ing, and can never make evidejit what was before not 
underftood. 

(k) Quicquld premit \'el ttabit alteram, taatuodeinab eo pi^mifar ve! tra* 
tour. Si quis lapideni digito p!?enjit, premimr et hujua digitus, a Iap|de» Si 
c<juus lapidem futii alligatum trahit, rettahitur etiam et equus (ut ita dicam) 
a^qualiter inlapidem: nam funis utrinque^diftcntuscodem relaxandi fe couam 
urgebit, equum verfus lapidem, ac lapidem Yeifus.equum; tantumque impediet 
^rogr'eflufti unius quantum promovet progreffunvalte.riu% &c. newtqn Princip. 

Some 
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Some iifeful writers, who have copied after Sir isaac 
KEWTON, have talked in the fame way; and only in* 
creafed the ambiguity by being more dijffufe. Mr. m ac- 
LAURiN himfelf, who engaged very warmly in this de- 
bate with the foreign mathematicians, and who, to fay the 
truth, feems to have underftood the nature of the con- 
troverfy better than any one elfe, is frequently unguarded 
in his expreffion. In chap^ IL book %. of his account of 
NEWTON'S dilcoveries, he is defcribing the laws of motion, 
for the firft time, and one naturally expe^Sls a more than 
ordinary precifion and exa6tnefs. There he blames, 
very juftly, the oppofers of the Newtonian definition of 
motion for miftaking the dire6tion in which the motion, 
loft or communicated, ought always to be eftimated. But 
in p* 12 2!^'^, he thus expreffes himfelf :" When two 
^ bodies meet, each endeavours to perfevere in its ftate, 
^^ and refifts any change; and becaufe the change, which 
<* is produced in either,, may be equally meafured by the 
^< a6tion,. which it exerts upon the other, or by the re- 
^ fiftance,, which it meets with fromit^ it follows ytYxzt 
" the changes produced in the motions of each are 
" equal; but are made in contrary direcStions.'^ I cannot 
poffibly conceive, that fo Ikilful and accurate a philofo- 
pher could believe, that the third law of motion was aa 

(c) 0£lavo edition* 

4 inference 
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inference of reafon, exclufive of all experiment; and 
yet, if words have any meaning at all, the above quota- 
tion inclines us to think fo. It is true, the change which 
is produced in either body may be meafured by the 
a6tion which it exerts upon the other, or by the refin- 
ance which it meets with from the fame: but what are 
we to underftand by action or refiftance, until they are 
explained by more intelligible terms? or, when they are 
explained by terms which do not neceffarily imply the 
fame thing, how do we know that their meafvires are 
equal, or that they are made in contrary direcStions, until 
thefe truths be eftabliihed by experiments ? A law of na- 
ture is not merely a deduction of reafon : it mull be 
proved, either at once and dire6tly, by fome iimple and 
decifive experiments; or if that cannot be done, by fuch 
experiments as enable us to collect its exiftence by the 
affiftance of geometry. However obvious thefe reflec- 
tions may appear, I thought it neceflary to take notice of 
maclaurin's aflertion; becaufe in confequence of that 
and iimilar exx^reflions, young philofophers are ex- 
tremely puzzled in the beginning of their ftudies, and 
becaufe I have known fome, who are more experienced, 
affirm, that the third law of motion is nothing more 
than a definition. I now proceed to the confideration of 
particular cafes. 

7 CASE 
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CASE Tm FIRST. Suppofe A and B to reprefent th« 
magnitudes of two fptierical bodies, and # and ^ their 
refpe<aive velocities in the fame direction ;fupp6fe a to 
be greater than ^1 and a will overtake b ; and if the bo- 
dies are non-elaftiCj they will proceed together in the 
fame direction as one mafs : if they are perfe<Stly elaftic, 
whatever effect has already been produced by the colli- 
lion, will be repeated; and, becaufe in the firft cafe there 
is no relative velocity after the ftroke, in the fecondthe 
relative velocity before and after the ftroke will be the 
fame, and in contrary directions; and in either cafe, the 
motion loft by the ftriking body is found to be always 
equal to the motion communicated to b^ and in a con^ 
trary direction. In this fenfe a£tion is equal to re-aition j 
and every^experiment which has yet been produced, 
where a clear judgment could be formed of the effect, 
has confirmed the fame thing. All the experiments 
which are ufually brought to determine the impreffions 
made upon foft bodies, as fnow, clay. Sec. are abfolutely 
unfit for the purpofe. The circumftanees, which take 
place in the production of thefe effects, are fuch as we 
can never difcover. The direaions in which the parti-^ 
cles recede, the velocities they acquire, their mutual ac- 
tions vipon one another, andlaftly, the time, ia which 
thefe effefts are performed, are all beyond the reach of 

compu-- 
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computation. The other principle, that the relative ve- 
locity of A and B is not altered by the ftroke, is neither 
to be demon ftrated nor confirmed by experience; it is a 
direct conlequence of the definition of elafticity. Again, 
fuppcfe Qt, and /3 to reprefent the refpedive velocities of 
A and B after the ftroke, and from thefe data it is eafily 
inferred, that Aa^'+B/S'^^A^'n-B^J'": for a-b is equal to 
/S-(X, becaufe a-d is the relative velocity before, and 
:^-ot. the relative velocity after, the ftroke. And a^+b^ 
is equal to Aa + BjS, becaufe thefe quantities reprefent the 
fum of the motions before and after the ftroke refpec- 
tively ; and from thefe equations the above equation is 
deduced, fliewing, that in elaftic bodies the fum of the 
two bodies multiplied by the fquares of their abfolute 
velocities, is not altered by the ftroke. * 

The fame theorem a...__ ^ _^ r% 

may be demonftrated '^ m ^ 

geometrically in the following manner. Let the veloci* 
ties of A and b be reprefented by ad, ab, refpedtively J 
and let g be their center of gravity, when placed at b 
and d; the velocity of a after the ftroke will be repre*- 
fented by b^-, if g^ be taken equal to gb, and the velo* 
city of B by ab + 2BG. From the nature of the center of 
gravity axgdsbxBg^ and ax.gdx4ag=bxbgx4Ag=: 

bx 
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Bx4Bg'^-i-4BGx AB* Add to both fides ax a^'+bx ab% 

and we Ihall have ax ad* + bx ab''=ax a^^-i-bx ab + 2Bg', 
We are not to wonder, therefore, upon makmg trials 
with perfectly elaftic bodies, if any fuch exiftcd, were wc 
always to find their vires viva^ as the foreigners exprefs 
themfelves, neither increafed nor diminiihed by the 
jftroke. They define the force of bodies in motion, or 
their vis viva^ to be in a compound ratio of their quan- 
tities of matter, and the fquares of their velocities ; and 
certainly fuch a definition implies no contradi<5tion or 
impoflihility. The term force, in aloofe and ordinary 
way of fpeaking, conveys to us no determinate idea at 
all, and therefore, until it be defined, is incapable of 
being ufed to any good purpofe in philofophy: whe- 
ther this or that definition come nearer to the general 
fenfe in which it is ufed indillindlly enough in common 
language, is entirely another queftion. We may go far- 
ther, and add, that in their ufe of the words, becaufe the 
fum of the forces of elaftic bodies is never aflfedled by 
the.ftroke, it is not unnatural to fay, that adion is there- 
fore equal to re-a(5tion, and that no force is loft by one 
body but what is communicated to the other. But if we 
will go fo far, and thereby change the meaning of the 
terms adion and re-adion and their meafures, we ought 
at leaft to guard our readers from miftaking us, however 
Vol, LXVIII. Z z convenient 
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convenient fuch modes of expreffion may appear. Be- 
canfe Aa* + b,6^ is equal to a^^ -f b^% it is true that no force 
is loft: by a but what is communicated to b ; but not in 
the fame fenfe in which it was affirmed that no motion 
is loft by A but what is communicated to b» In that cafe 
the fquares of their abfolute velocities are underftood ; in 
this, their velocities reduced to the fame direction. How-* 
ever, no material ill confequence can poffibly arife from 
fuch a notion of action and re-acSlion, as long as the quef- 
tion is fuppofed to concern only elaftic bodies: but real 
mifchief is done, and the debate ceafes to be verbal^ 
whenever the law of the equality of a6lion and re-a(5tion 
is faid to take place in the coUifions of all forts of 
bodies. 

CASE 'THE SECOND. But the truth of thefe remarks^ 
and the neceffity of attending to the precife ufe of terms,, 
will appear in a ftill ftronger light, if we conlider the fo- 
lution of a problem given us by j. Bernoulli ^'^^. 

Suppofe that two equal and fpherical bodies, a and b,. 
ftruck at once in the direaion CD perpendicular to the 
line joining the centers of a and b with a velocity repre- 
fented by a. Let the quantity of matter in c be called: 
^, and the quantity of matter in a or b, j^ : let the velo-. 

f 4^ Difcouxs fur le mouYcment. 

^ city 
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city of c after the ftroke be reprefented by a?, and that of 
A or B in the dire6tion ac or cb by y^ and fuppofe 
p : q :: rad. : cofin, lcd. Then, becanfe ma the quantity 

of motion before the ftroke is equal to ;;^A;+^y^, the 

quantity of motion after the ftroke, and ma^ is equal to 
mx^'¥%ny'^ becaufe the quantity of force is not altered 

by the coUifion ; he eafily finds x ^ ^ ' "T^l^/^ -- ^^^ y = 

Hpqma 



.*^ • 



f m-^iqn 

There is no problem which deferves to be more con- 
iidered than this by a perfon defirous of having a clear 

Z z 2 idea 
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idea of the grounds of that contention which has iub- 
filled fo many years. We here fee Bernoulli taking it 
for granted, that the quantity of force in elaftic bodies is 
no ways aj5€<5led by their mutual acStions, whether dire<ffc 
or oblique; and the moll furprizing circumftance is, that 
he fliouid not fo much as hint at any apparent difficulty 
in the prefent cafe, after he had been ih very difFufe in 
illuftrating others- which were much more limplc. No 
doubt he believed this principle to be a dire(Sl confe- 
quence of the equality of acStion and re-a<Sti0n, and there- 
fore it is plain he could not mean the fame things by thofe 
terms as we do at prefent. He believes no force is gained 
or loft by impacSt ; he defines force by quantity of matteir 
and fquare of the velocity conjointly ; and in eftimating 
the velocity, he pays no regard to the diredtion in which 
the bodies are moved. Let us not cavil at his words : we 
cannot miftake his meaning. The queftion is, how far 
thefe notions are agreeable to experience; how far they 
are confiffcent with fome other principles which are in- 
conteftable, and which he himfelf has admitted : for in- 
ftance, he admits it as an undoubted principle, that the 
quantity of motion in any fyftem of bodies is preferved 
invariable, when eftimated in a given direaion, in all 
their coUilions and mutual anions upon one another; 
and in this he entirely agrees with the followers of Sir 

ISAAC 
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ISAAC NEWTON. Let US attend to the confequences of 
thefe two dijflferent principles in the very cafe propofed 

by J. BERNOULLI. And firft, h^czKxi^ ma-moc^'^"'* 

by tranfpofition we have mxa-x:=.^~-^ which is faying 

no more than that the motion loft by c is equal to the 
film of the motions gained by a a®d b, eftimated in the 
fame direction cd. By a limilar procefs from the fecond 

equation, we deduce mxa-^xx.a-x-'inq''\ and there- 
fore the comparifon of the two equations gives l~ti-^. 

The quantity^ therefore, or the velocity of a or b after 
the ftroke, muft neceffarily be equal to the fum of the 

two quantities y and y . In the figure, let cd reprefent 

the velocity of c before the ftroke, and ch the velocity 
after it, and let fall the perpendiculars un^ dl, iipon the 
direction AC. It eafily appears, that c.n is equal to 

^- and CL equal to ^, becaufe ch : cn :: cd : cl :: i^ad. : 

p i p^ 

eof. LCD ''Q'p. And now the whole controverfy is re- 
duced into a narrow compafs; for whether the two prin- 
ciples alTumed by this author be confiftent with experi- 
ence or not; it is impoffible they fliould be confiftent 
with. one another, unlefs c;^ + cl Ihall be found to mea- 
fiire the velocity of a in the direftion cl. Suppofe c r to 
be the velocity of c after impa6t, when all the bodies are 

perfeiily 
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perfedlly hard, and letting fall the perpendicular rs\ cs 
will be the velocity acquired by a in that cafe; and, nni- 
verlally, the velocity acquired by a will be equal to 

c j+^,if the elallicity of the bodies be to perfect elafticity 

as I : m. In order to determine, therefore, when cn-^ch 

canpoffiblybe equal to CJ+^, or, which is the iame 

thing, LX+ c;^ equal to '^, we are to confider thztnsiiaSit 

timx and becaufe c ;2 is equal to Ci'-j'^, c;^=:cj--~^ 

and it is obvious that cj"4-lj'~-^ can never be equal to 

~^, unlefs m be taken equal to unity, and Bernoulli's 

hypothefis is plainly impoflible in all cafes where the 
bodies are not fuppofed perfe6tly elaftic. 

But though we confefs the learned author, who firft 
folved the problem we have been confidering, deferves 
no commendation for propofing in a general form what 
ought to have been reftrained to a particular cafe, yet it 
will by no means follow, that every argument which has 
been advanced againft this doctrine is either intelligible 
or fatisfadtory. Of all the objedions and experiments 
which have been flatted and contrived to refute the 
new opinions of the German philofophers, there is none 
which carries a greater degree of plaufibility along with 
it, thafl^ celebrated invention 0f Mr, maclaurin. It is 

extremely 
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extremely fimple^ eafy to be defcribed ; and I do not find 
that it has ever been anfwered by any of the advocates 
for the new doctrine of forces. 

« Let A and b be two equal h, __<S 

** bodies that are feparated from 

" each other by fprin^xs inter- 

" pofed between them, in a 

** fpace EFGH, which in the Bl 

" mean time proceeds uniformly in the direction ba (in 

" which line the fprings a<5t) with a velocity as i ; and 

" fuppofe that the fprings imprefs on the equal bodies a 

" and B equal velocities, in oppofite dire£tions, that are 

" each as i. Then the abfolute velocity of a (which 

" was as i) will now be as a ; and according to the new 

*^ dodtrine its force as 4: whereas the abfolute velocity 

*^ and force of b (which was as i) will now be deftroyed ; 

« fo that the aaion of the fprings adds to a a force as 3, 

** and fubdu^s from the equal body b a force as one 

" only; and yet it feems manifeft, that the actions of the 

^^ fprings on thefe equal bodies ought to be equal, and 

^^ M. BEENouLLi exprefsly owns them to befo^'^. lihall 

only juft; obferve, that if M. bernoui.lt exprefsly owns, 

that fprings, interpofed between two bodies in a fpace, 

which is carried uniformly in the direction in which the 

(e) BookJL chap, 2. Account of newton's difcoveries., 

fprings^ 
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fpriiigs acSt, will always generate equal forces in the bo- 
dies according to bis own definition of that term, he talks 
more inconfiilently than I have obferved him to do: on 
the contrary, if I could find that he has anfwered this 
famous argument (which Dr. jupjn projjofed over again 
inPhil. Tranf. vol. XLiii. with aconditional promifeof em- 
bracing the Leibnitzian dodrine) by fimply faying, that 
fprings he confiders as motive forces, or, when the bodies 
are equal, as accelerating forces ; and that their a6tions 
are equal, when in equal times they generate equal velo- 
cities, but not neceffarily equal forces, in the equal bo- 
dies; I fliould not make the leaftfcruple to own that I 
thought his reafoning folid and conclufive, and his dif- 
tinitions a full anfwen to dvery obje£lion of that fort^-^'^* 
CASE TPiE THIRD. The two preceding cafes are cu- 
rious examples of the force of prejudice and party-fpirit. 
In the latter particularly it does not appear that j. ber- 

(f) No doubt MACLAURiN refers to the following pafTage of Bernoulli, 
*^ La force du choc, ^u de FaSlion des corps les uns fur les autres, depend unique- 
'^ ment de leurs .vitefles refpe£Uves; or il eft vifible que les vitelles refpeftives 
*^ des corps ne changent pas avant le choc, foit que le plan ou I'efpace qui les 
*• contient foit fans mouvement, Ibit qu'il fe nieuve uniformement, fuivant une 
^^ direction donnee, les viteffes rel|^e£tive8 feiont done encore les memes aprcs 
" le choc." 

This quotation puts the matter beyond difpute. It is plain, Bernoulli, 
though he does make ufe of the word adion, is only fpeaking of the motion loft 
or communicated, and the relative velocities of the bodies ; there is not the 
moft diftant hint at the change in their abfolute forces, 

NOULLI 
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*!rouLLi knew the prefervation of the mres vh)4B to be aa 
infallible confequence of perfect elafticity in bodies; or 
indeed that he had any other reafon for taking that pria* 
ciple for granted, but becatife he was not able to prove it. 
All the inftances that are ufually brought on both fide« 
are to be treated in a fimilar way. The meaning of the 
terms muft firft be defined; then the principles aflumed 
explained; and if we cannot tell at firft fight, whether 
they are agreeable to experience or not, as is frequently 
the cafe; we muft examine into their confequences by 
the afliftance of geometry, and we fliall at laft arrive at 
fome fimple principle, the exiftence of which is necef- 
farily implied in the original hypothefis. The coUifion 
of fpherical bodies is the moft fimple way of communi- 
cating motion from one to another ; and therefore fuch 
examples are better adapted to throw light en a difputa- 
ble queftion, than where the fuppofitions are more per- 
plexed with mechanical contrivances. Befides, when the 
theory of mechanics is well underftood, and the founda- 
tions of error difcovered, the fame reafonings are eafily 
transferred to other cafes, and fimilar precautions applied. 
Indeed pradlical artifts have little to do with the fudden 
communication of motion by impa6t. The coUifions of 
bodies are too violent operations to enter into the com* 
Vo L. LXVIII. A a a pofitioa 



364 ^^* MiLNER on the Communication of 
polition of ufef ul machines, in which motions are rather 
to be preferved by the gradual effects of weights aiid 
preflures. An accurate knowledge therefore of thefe 
efFeds is more eflential to the interefts of fociety ; and 
the only way of arriving at fuch a knowledge is always 
to diftinguifli thofe principles which nobody denies, 
from thofe others which are found to take place only in 
fome particular circumftances • The folio wing problem 
was propofed, and a folution given to it long ago, by 

D. BERNOULLI''^'', 

(jr) Comment. Petrop. torn* IL 
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*^ Sit grave aliquod 
cujufcunque figurs© 
CBA, cujus centrum 
grayitatis fit d ; ex quo 
et radio d m defcriptus 
intelligatur circulus 
MNP, cui filum cir- 
cumvolutiim eft pmn, 
cujus fili extremitati 
appenfum fit pondus 
ct, quod defcenfti fuo 
grave CBA in gyruni 
agit circum centrum 
gravitatis D, dico velo- 
citatem corporis Q^fe- 
quentem in modum 
determinari poffe. Sit 
MD = ^; confideretur 
corpus fiifpenfiim ex 
pun<5to M ofcillari,efle- 
que centrum ofcilla- 
tionis in o, fitque 
*^ DO=^, pondus gravis totius cbA=p, pondus corporis 
<^ appenfi =/>; altitudo ex qua corpus Q^delapfum eft =:r ; 
^ altitudo quaefita per quam grave aliquod cadendo ac- 

A a a s " quirere 
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** quirere poffit velocitatem corporis q=s; dico fore ;2f= 

*^ aT^bf > ^ ^ tempus quo corpus naturaliter cadit, per 
^' altitudinem r dicatur /, erit tempus infumi)tum a cor* 

^' pore Q=/y ^"^ ^ , id quod experientias coiiforme efle 

^^ plurimis inftitutis experimentis femper inveni." 

Both thefe conclulions are derived by this author from 
the principle, which they call the confervatio virium vi^ 
varum; but as he has not given us the feveral fteps of 
his reafoning, it may be ufeful to fupply them here, be- 
fore we proceed to make any remarks upon his folution^ 
And firft, fuppofe the axis at b to be perpendicular to the 
plane of the figure, and conceive the whole body to be 
refolved into an indefinite number of prifmatic particles, 
each of which is perpendicular to the fame plane. Let 
E reprefent the fum of all the particles multiplied by 
the fquares of their refpeiStive diftances from the axis; 
and E fhall be equal to vxab^ as is demonftrated by all 
the writers who treat of the center, of gyration. Let v 
be the velocity which is acStually acquired by CLafter it has 
defcended through the fpace r ; v the velocity which it 
would have acquired by the fame defcent, provided the 
body had fallen freely by its gravity; and becaufe the 
vires viva dit incapable of dinaiiiution or iacreafe, we 

have 
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"P /J h If 

have pY^'^pv^'i' -p— . For fince v is the velocity of q^ 

at a certain period of its defcent, and is to the velocity 
of any prifmatic particle in the body as the diftance m D 
from the axis to the diftance of that particle from the 

fame, it is evident that — r~ will truly reprefent the fura 

of all the particles multiplied by the fquares of their ve- 
locities. V* is therefore to nf- as ap-^-b's to ap^ and the 
whole force of gravity is to the force which accelerates 
the motion of Q^in the fame ratio, becaufe in uniformly 
accelerated motions, when the fpaces defcribed are the 
fame, the accelerating forces are in the duplicate ratio of 
the velocities. It is obvious, that the motion of Q^is uni- 
formly accelerated, becaufe the velocity acquired by any 
defcent is to the velocity of any point in the body always 
in the fame ratio ; and therefore the a<Stion of Q^upon the 
body is the fame as if both were at reft» Farther, the 
altitude z through which a heavy body muft fall to ac- 
quire the velocity v is plainly equal to r x jj^, for the 

altitudes % and r are inverfely, as the forces which gene- 
rate the equal velocities. Laftly, the time of qJs defcent 

is equal to / x y ^^i^ ; becaufe the times are always in 

the fub-duplicate ratio of the fpaces direftly, and forces 
inverfely* 
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It is now extremely eafy to trace thefe expreffions 
back again in a contrary order, and to lliew, that if thefe 
lall equations are true, the original one mull be true alfo; 

that /> X v^ muft necelTarily be equal to -^^ + p ^% or, 

which is the fame thing, that the body Q^multiplied into 
the fquare of its velocity, and added to the fum of all the 
produ6ls which arife by multiplying every particle into 
the fquare of its refpeftive velocity, is equal to the body 
Q^multiplied by the fquare of the velocity which it would 
have acquired by the fame defcent in vacuo* 

Now this is to give the argument its full force ; and 
fince the conclufions are confirmed by repeated experi- 
ments, as the author himfelf affures us, it is prefumed, 
that the premifes can be liable to no juft exception. If 
we do not think with the advocates for this doilrine, that 
the vires viva muft always remain the fame from the 
thing itfelf, they will force our affent by the teftimony of 
experience, and oblige us to admit their principles when 
we find it impoffible to deny the confequences. 

A prudent philofopher is always afraid to pronounce 
generally concerning the exiftence of caufes, which are 
attended with a variety of circumftances, and are com- 
plex in their operations. To fay that the quantity of 
force in bodies remains invariably the fame, feems to be 

a propo- 
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a propofition of this kind. The mutual acSlions of bodies 
upon one another, efpecially when their gravity is taken 
into the quellion, depends upon fo many confiderations, 
and the cafes which may be put are capable of fuch an 
infinite variation, that it is impoffible almoft to draw a 
general inference of this nature. Even when experi^ 
ments are produced, which feem to prove the point, one 
is apt to fufpe6t the univerfality of the conclufion, and to 
imagine that it may poffibly be owing to fome particular 
circumftance which we have not attended to, or been 
able to diftinguilli from others not fo effential. In the 
example we are conlidering it is clearly proved from ex- 
perience, that p%y'' is equal to^ # + -^ ; but whether 

that be true in every other cafe that may be conceived^ 
can never be determined from fuch an experiment; nor 
is it poffible to make any diftindtions about it, until we 
have demonftrated its connexion with fdme other princi- 
ple, which is more fimple and lefs contefted. 

Retaining the fame fymbols, let f reprefent the force 
of gravity, and /the force which accelerates the body q^^ 
in its motion. From what has been already Ihewn it ap- 
pears, that F :/:: ap^bv : ap and ¥-f:f:: bv : ap :: 
"—•p^y; and beeaufe/^^ is the motion generated in q^ 
6 ^7 
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by the force/, "— ^ will be the motion loft in the fame 

body Q^by the diminution of its gravity. Let a be any 
prifmatic particle of the body, and ad its diftance from 

the axis ; the velocity of this particle will be ; its 

motion ^ ^^ — ^ and, by the nature of the lever, the 
motion which Q^muft lofe to generate fuch an efFe<5t in a 
muft be — "^ . The quantity -^ reprefents the fum 

of all the quantities — — — ; and therefore the motion, 

which Q^ has loft by its adion on the body, is precifely 
equal to the motion gained by the different parts of that 
body after a proper allowance is made for the lengths of 
the levers^ ad, &c. 

Thus it appears, that there is no neceffity in account- 
ing for the time of q^'s defcent and the velocity it ac- 
quires, of having recourfe to the confer vatio vis viva^ or 
any fuch perplexed hypothelis. By purfuing the ana- 
lytic method far enough, we have been led diredlly to 
that fundamental law of motion, that adlion is equal to 
re-a6tion, and in the contrary direction. 

A diftindtion, however, is always to be made between 
the a6lions of bodies when at liberty, and when they re* 
^olve about a center or axis. In the firft cafe the motion 

loft 
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loft is always equal to the motion communicated in an 
oppolite ditedlion : in the fecond the motion loft is to be 
increafed or diminiflied in the ratio of the levers before 
it will be equal to the motion communicated. The pro- 
perties of the lever are well underftood and eafily ap- 
plied, and becaufe their evidence depends upon expe- 
rience, and is as firmly eftabliftied as the third law of 
motion itfelf, it is always beft to make ufe of thofe two 
univerfal principles, inftead of others whick are more 
liable to deceive us ''^'^ 

In all cafes concerning the motion of a fingle body, or 
fyftem of bodies, where there is any rotatory motion, the 
confideration of the lever becomes requifite, and that, 
with a juft application of the laws of motion, is fufficient 
for the refolution of the moft arduous problems* It is 

(h) It is acknowledged, that the experiments which have been made to deter- 
mine the cffel^s of wind and water-mills do not agree with the computations of 
tmthematicians; but this is no objection to the principles, here maintained. 
Writers geaerally propofe fuch examples with a view rather of illuftrating the 
methods of calculation by algebra and fluxions, than of making any ufcful im- 
provements in pradice. They fuppofe die particles of the fluid to move in 
ftraight lines, and to ftrike the machine with a certain velocity; and after that, 
to have no more cffed:. As fuch fuppofitions are evidently inconfiftent with the 
known properties of a fluid, we are not at a lofs to account for a difference 
between experiment and theory ; and therefore it fliould feem unreafon^blc to 
affert, that certain authors of reputation have negleekd the collatcnil circum- 
ftancci of time, fpace, or velocity, in the refolution of thefe probkms \uile& we 
were able to point out fuch omiflions. 

Vol. LXVIII. Bbb now 
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now pretty well agreed upon, that the neglect of this 
circiimftance is one caufe of that material error, which 
Sir ISAAC NEWTON himfelf is fuppofed to have fallen 
into in the thirty-ninth propolition of the third book of 
his Principia. 

I had feveral reafons for iniifting fo particularly on 
the demonftration of this third cafe. It is in itfelf one of 
the moft neat and elegant problems we have; and, what 
isof moreconfeqnence,it admits of an experimental proof 
and illuftration. It is obvious, that the motion of the 
body A MB may be made fo flow, that the time of q> 
defcent through any affignable fpace may be meafured 
to the greateft exacSlnefs. The velocity of Q^may alfo be 
inferred with the fame eafe by obferving the velocity of 
any particular point in the body to which the velocity of 
Q^always bears an invariable ratio. Such experiments, it 
rauft be owned, feem very unfit for the firfl: difcovery of 
the laws of nature; though, as I have fhewn, it is not 
impoflible to colled: them that way; but after they are 
difcovered, the application of them to the folution of 
fuch intricate problems is both entertaining and inftmc- 
tive, and then the agreement of the experiments them- 
felves with the theory becomes a folid argument for the 
certainty of our principles* 

I We 
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We have fliewn, that in this cafe at leaft Bernoulli's 
hypothefis is founded upon, and coincides with, the com- 
monly received do6trine of motion, and therefore we can 
hardly entertain a doubt of the fuccefs of the experi- 
ment, fuppofing it had never been tried. The author 
himfelf, in the paffage above quoted, tells us, that he 
found it fo; but we need not reft upon his authority: a 
fimilar experiment has been lately made by Mr. smea- 
TON, and is defcribed at length in the Philofophical 
Tranfa6lions, vol. LXVI. 

It does- not appear, that d. Bernoulli attempted to 
meafure any thing but the time of q^s defcent through 
any particular fpace: Mr. smeaton has given us both 
the times of q> defcent, and the proportions of the velo- 
cities acquired, in a variety of cafes. By moving the 
weights he makes ufe of nearer to, or farther from, the 
center d, he alters the lengths of the levers at which the 
particles a£t, without increafe or diminution of their 
number: he does the fame with the circle or axis n mp, 
and confequently the lever md; and in every cafe, from 
the known charader of that ingenious gentleman, we 
may prefume that his numbers are fafely to be reUed 

upon. 

His conclufions may receive fome illuffcration from the 

preceding theory. 

B b b 2^ From 
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From the proportion i^ifv.ap-^bviap^ it appears, 
that the force which accelerates the motion of q^, or in 
Mr. smeaton's figure, the weight in the fcale is to the 
natural fdrce of gravity in a conftant and invariable pro- 
portion as long as the quantities a^ b^ p, and/>, remain 
the fame;/ and therefore let Q^defeend ever fo flowly, its 
motion will be uniformly accelerated throughout, and 
the fpaces through which it defeends v/ill be as the 
fquares of the velocities acquired, and the times will be 
as the velocities themfelves ; and this is agreeable to what 
Mr» SMEATON found them in his fecond and third, fifth 
and Iixth, eighth and ninth experiments. 

The general exprejSion for the force which accelerates 

the weight in the fcale is -7^ ? and will be different ac- 
cording as the quantities ^, /, or by are altered ; but is 
always eafy to be determined as foon as thofe quantities 
are known. But it is impoflible to determine the mag- 
nitude of the quantity b in the different cafes, unlefs we 
have given the precife dimenfions of the whole machine, 
and the fpecific gravity of the wood made ufe of; and 
therefore I confefs myfelf to have been puzzled in endea- 
vouring to reconcile the firft and fecond and other expe- 
riments with the theory : for though I could not doubt a 
moment, that the general exprefTion for the force was 

rightly 
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rightly affignedj and would always be found confonant 
to experience, yet I was extremely fiirprized to find, that 
when the quantity a in the fecond experiment was made 
exactly one-half of what it was in the firft, the time of 
defcending through the fame fpace came out nearly dou* 
ble of what it was before, and the velocity the fame. 
Now this I knew could never happen unlefs the force in 
the firft cafe was to the force in the fecond as 4 to i ; for 
when the fpaces defciibed are the fame, the accelerating 
forces are always as the fquares of the velocities, or in- 
verfely, as the fquares of the times. This confideratioa 
led me to inquire farther into the ratio of thofe forces in 
the cafe defcribed, in order to difeover, if poffible, whe- 
ther they came any thing near that ratio, which of ne- 
ceffity they ought to do, 

Iconfidered, that the weight of the axis and arms of the 
machine was inconfiderable, compared with the weight of 
the two cylinders of lead, and alfo that the quantity ^ bore 
a very fmall proportion to the length of the cylindrical 
arms of fir. And fince the accelerating force is always as 
_^^^Qj.3g_^L^^ and the quantity ab^ or e exprefles 

the lum of all the particles multiplied by the fquares of 

their diftances from the axis of motion, it is plain that 

E muft far exceed a^p; and, laftly, fince the quantity e is 

6 th© 
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the fame both in the firft and fecond experiment, it fol- 
lows, that the forces are very nearly to one another as 

d'p to — , or as 4 to i : and in the fame way the other 

experiments are fliewn to be confiftent with the theory. 
I chofe to premife a fliort account of the opinions which 
the philofophers before galileo entertained concerning 
the motions of bodies ; becaiife their miftaken ideas of 
the efFe<fts of gravity are analogous to fome opinions of 
a later date, which indeed fuggefted the neceffity of re- 
fuming thefe inquiries. 

And as nothing in controverfial matters fo com- 
pletely fatisfies the mind as an exadl knowledge of 
that particular which produces the difpute; I have 
lliewn, that the terms made ufe of to exprefs the third 
law of motion w^ere taken in two very different fenfes : 
that Sir Isaac newton's explication of them is at beft 
ambiguous, and maclaurin's abfolutely falfe. 

I ft. In the demonftration of the firft cafe we fee that 
the affertion of leibnitz is true in one particular in- 
ftance. When two elaftic balls move in the fame ftraight 
line, the fum of their forces is not altered by coUifion ; 
and it is more than probable, that this lingle circum- 
ftance was the caufe of affixing new ideas to the terms 
action and re-a<5lion. For, 

2d* In 
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2(1. In the fecond cafe, the fame principle is taken for 
granted by j. Bernoulli. We have examined into the 
confequences of this author's foliition, and fliewn that 
his hypothelis will prove all bodies to be perfectly elaftic. 
As the fteps by which he deceived himfelf are here ex- 
pofed, whoever carefully attends to thefe two examples 
cannot eafily miftake in any cafe that may occur. It is 
plain, that if any one contends for the equaHty of ailion 
and re-a£tion, and explains thofe terms by the changes 
produced in the abfolute forces of the bodies, the difpute 
is not merely verbal. 

3d. When a conclufion, agreeable to experience, is de- 
duced from any hypothelis, it does iiot therefore necef- 
farily follow, that the hypothelis is univerfally true, not 
even fuppofing the converfe of the propofition to hold. 
In this third cafe it is fhewn, what kind of anfwer we are 
to give fuch reafoning. The confervatio virium vivarum 
is never to be admitted, unlefs its connexion with limple 
fa6ts, which are inconteftable, be firft made out. The 
folution of this problem depends on this, that the 
motion loft is equal to the motion communicated in 
a contrary direction after the property of the lever 
is taken into the account; and therefore the nice 
agreement of Mr. sme axon's experiments with the 

theory 
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theory cannot fail to acid frefh evidence to thefe efta- 
bliflied laws of nature. 

I fliall conclude thefe remarks witk obferving that 
iince it is perhaps impoffible to give one general anfwer 
to all the arguments which are brought in favour of the 
new doctrine of forces, it feemed very defireable that we 
Ihould have a general rule to dire<St us in judging of the 
cafes that occur in pra6lice. It is of more confequence to 
the improvement of fcience and the good of the public, 
to point out the fource of miftakes, and the wifeft means 
of avoiding them for the future, than merely to confute 
and filence our adverfaries. Some writers have con- 
iidered this queftion as entirely verbal, and have afFecSted 
to treat the advocates on both fides with the greatefl: con- 
tempt. Such perfons fave themfelves a great deal of 
trouble, and have the credit of feeing farther into 
the controverfy than others ; but after all, I am afraid 
the pra6tical mechanic will receive little information or 
fecurity from fuch fpeculations. Propriety of expreflion. 
in thefe matters is not all we want. When a plan is pro- 
pofed for execution, and a certain effect predicted, the 
grand obje6l is, how to form a fure judgement before^ 
hand of the event, in order td prevent unneceflary ex- 
pences ; and I fliall think my time well employed, if thefe 

confi- 
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confiderations appear to have the leaft tendency to pro- 
mote fo iifefiil an end, in the opinion of that Society to 
whofe learned and zealous endeavours we owe the very 
firfl: important difcoveries in the year 1668, concerning 
the coUifions of bodies. 
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